Abstract. Hardy's inequalities are proved for higher-dimensional Hermite and special Hermite expansions of functions in Hardy spaces. Inequalities for multiple Laguerre expansions are also deduced.
Introduction
holds; here H 1 is the Hardy space. Later Hardy and Littlewood established a similar inequality for all f ∈ H p , 0 < p ≤ 1. Analogues of Hardy's equality in the context of eigenfunction expansions have been considered by several authors. In [1] Colzani-Travaglini established a Hardy inequality for eigenfunction expansions associated to the Laplace-Beltrami operator on compact Riemannian manifolds. They have also treated compact symmetric spaces. Kanjin [2] proved Hardy's inequality for the one-dimensional Hermite and Laguerre expansions of functions f from H 1 (R). Later, Satake [5] treated H p (R), 0 < p ≤ 1 in the case of Laguerre expansions. Let us briefly recall the inequalities proved by Kanjin and Satake. Let h k , k = 0, 1, 2, · · · be the normalized Hermite functions on R.
In studying regularity properties of spherical means on C n , the second author [7] has proved Hardy's inequality for special Hermite expansions. The first author [4] has treated the higher-dimensional Hermite expansions.
The aim of this paper is to establish inequalities of Hardy type for higherdimensional Hermite and special Hermite expansions. We also deduce Hardy inequalities for multiple Laguerre expansions.
The authors wish to thank the referee for meticulously reading the manuscript and pointing out several typographical errors.
Hermite expansions
The Hermite polynomials
The normalized Hermite functions h k are then defined by
n , α ∈ N n are defined by taking tensor products of one-dimensional functions:
where the Fourier-Hermite coefficientsf (α) are given bŷ
The functions Φ α are eigenfunctions of the operator H = −∆+|x| 2 with eigenvalues (2|α| + n) where |α| = α 1 + α 2 + · · · + α n . If we let
stand for the projection of f onto the kth eigenspace of the operator H, then the Hermite expansion of f takes the form
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The series converges in L 2 (R n ), and we have the Plancherel formula
The Hardy spaces H p (R n ), 0 < p ≤ 1 can be defined in several ways. Let
be the heat kernel associated to the Laplacian ∆ on R n . Then H p (R n ) is defined to be the space of tempered distributions for which
where the a k are H p atoms. Moreover,
We make use of this atomic decomposition in the proof of the following Hardy's inequality.
The proof of this theorem is based on the atomic decomposition of H p (R n ) and the following estimate.
When α = 0 the lemma has been proved in [8] (see Lemma 3.2.2). Assuming the lemma for a moment, we first complete the proof of the theorem.
Every f ∈ H p has an atomic decomposition
and since the P k are continuous on the space of tempered distributions, we have
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for all H p atoms f , with C independent of f . Let f be such an atom supported in the ball B = B(z, r). Let
be the kernel of P k so that
Taylor expanding the function
where 0 < s < 1. If N is the integral part of n(
) involves polynomials of the form (y − z)
α , |α| ≤ N and hence
Thus P k f (x) is a finite linear combination of terms of the form
where |α| = N + 1. By Minkowski's integral inequality, the L 2 norm of the above integral is bounded by
using the estimate of the lemma we get
Therefore, we have the estimate
|y−z|≤r |f (y)|dy
Having estimated P k f 2 consider now
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where the first sum is
which is bounded by
On the other hand,
Thus we have obtained the estimate
where C is independent of f . This completes the proof of the theorem. We now prove the estimate stated in Lemma 2.2. We prove the lemma using induction on the dimension. We first consider the case n = 2. Writing
The Hermite functions satisfy the relations
and
where h −1 (t) = 0. Writing
and using the above formulas, we get
In view of this, considering k ≥ |α|, iterations show that |µ|=k |∂ α Φ µ (x)| 2 is bounded by a finite linear combination of terms of the form
where l and m are integers with |l|, |m| ≤ k. The last sum is dominated by
in view of the estimate (with n = 2)
Thus we have proved the lemma when n = 2. Assuming the estimate for the n-dimensional case, consider the sum in (n + 1)
By the induction hypothesis the above is bounded by
Using (2.1) the last term is easily seen to be bounded by terms of the form 
4 (2 − p). Proof. As before it is enough to consider H p atoms. If f is such an atom supported in B = B(z, r), thenf (µ) is a finite linear combination of terms of the form
where |α| = N + 1. Therefore,
we can rewrite the above as
As before we split the sum into two parts and consider first
Applying Hölder's inequality, we get Using the estimate for |f (µ)| we see that
Now using the estimate proved in Lemma 2.2,
In view of this we obtain, after some simplification, 
